In this paper, we propose a new numerical method to compute the ground-state solution of trapped interacting Bose-Einstein condensation at zero or very low temperature by directly minimizing the energy functional via finite element approximation. As preparatory steps we begin with the 3d Gross-Pitaevskii equation (GPE), scale it to get a three-parameter model and show how to reduce it to 2d and 1d GPEs. The ground-state solution is formulated by minimizing the energy functional under a constraint, which is discretized by the finite element method. The finite element approximation for 1d, 2d with radial symmetry and 3d with spherical symmetry and cylindrical symmetry are presented in detail and approximate ground-state solutions, which are used as initial guess in our practical numerical computation of the minimization problem, of the GPE in two extreme regimes: very weak interactions and strong repulsive interactions are provided. Numerical results in 1d, 2d with radial symmetry and 3d with spherical symmetry and cylindrical symmetry for atoms ranging up to millions in the condensation are reported to demonstrate the novel numerical method. Furthermore, comparisons between the ground-state solutions and their Thomas-Fermi approximations are also reported. Extension of the numerical method to compute the excited states of GPE is also presented.
Introduction
Recently, there have been experiments of Bose-Einstein condensation (BEC) in dilute bosonic atoms (alkali and hydrogen atoms) employing magnetic traps at ultra-low temperatures [7, 13, 23] . The condensation can consist of few thousand to millions of atoms confined by the trap potential. This peculiar state of matter, whose existence was postulated back in the 1920s by Bose [12] and Einstein [22] , exhibits several characteristics which set it apart from other homogeneous condensed matter systems [18, 30] . In fact, Journal of Computational Physics 187 (2003) 230-254 www.elsevier.com/locate/jcp besides internal interactions, the macroscopic behavior of BEC matter is highly sensitive to the shape of the external trapping potential. Theoretical predictions of the properties of BEC matter can now be compared with experimental data by adjusting some tunable external parameters, such as the trap frequency and/or aspect ratio. Needless to say, this dramatic progress on the experimental front has stimulated a corresponding wave of activity on both the theoretical and the numerical fronts.
The properties of a BEC at temperatures T very much smaller than the critical temperature T c [25, 30] are usually described by the nonlinear Schr€ o odinger equation (NLSE) for the macroscopic wave function known as the Gross-Pitaevskii equation (GPE) [27, 36] . Note that equations very similar to the GPE also appear in nonlinear optics where an index of refraction which depends on the light intensity leads to a nonlinear term like the one encountered in the GPE.
There has been a series of recent studies which deal with the numerical solution of the time-independent GPE for ground-state and the time-dependent GPE for finding the dynamics of a BEC. For numerical solution of time-dependent GPE, Bao et al. [9] [10] [11] presented a time-splitting spectral method, Ruprecht et al. [37] and Adhikari et al. [4, 5] used the Crank-Nicolson finite difference method to compute the groundstate solution and dynamics of GPE, Cerimele et. al. [15] proposed a particle-inspired scheme. For groundstate solution of GPE, Edwards et al. [21] presented a Runge-Kutta type method and used it to solve 1d and 3d with spherical symmetry time-independent GPE. Adhikari [2, 3] used this approach to get the ground-state solution of GPE in 2d with radial symmetry. Other approaches include an explicit imaginarytime algorithm used by Cerimele et al. [14] and Chiofalo et al. [16] , a direct inversion in the iterated subspace (DIIS) used by Schneider et al. [38] , and a simple analytical type method proposed by Dodd [20] .
In this paper, we propose a new numerical method to compute the ground state solution of Bose-Einstein condensation by directly minimizing the energy functional through the finite element discretization. We begin with the 3d Gross-Pitaevskii equation, make it dimensionless to obtain a three-parameter model, show how to approximately reduce it to a 2d GPE and a 1d GPE in certain limits. The ground-state solution is formulated by directly minimizing the energy functional under a constraint. Furthermore we present in detail the finite element approximation of the minimization problem for 1d, 2d with radial symmetry and 3d with spherical symmetry and cylindrical symmetry (this is the most popular case in the current experiments of BEC), and provide approximate ground state solutions, which are used as initial guess in our practical numerical computation, in two extreme regimes: very weak interactions and strong repulsive interactions. Numerical results in 1d, 2d with radial symmetry and 3d with spherical symmetry and cylindrical symmetry for atoms ranging up to millions in the condensation are reported to demonstrate the numerical method. Furthermore, comparisons between the ground-state solutions and their Thomas-Fermi approximations are also reported by using our numerical method. Our numerical results show that the Thomas-Fermi approximation is a ÔgoodÕ approximation to the ground state solution in the strong repulsive interaction regime, but a ÔworseÕ approximation in the medium interaction regime. Convergence rate of the Thomas-Fermi approximation to the ground-state solution as a function of the number of atoms in the condensation is also reported by our method. Furthermore, we also extend our method to compute the excited states of GPE in 1d.
The paper is organized as follows. In Section 2 we begin with the 3d GPE, scale it to get a three-parameter model, show how to reduce it to lower dimensions. In Section 3 we present a new method to compute the ground-state solution of a BEC by directly minimizing the energy functional and provide the approximate ground-state solution in two extreme regimes: very weak interactions and strong repulsive interactions. In Section 4 we present detailed numerical formula and its finite element approximation for the ground-state solution of GPE in 1d, 2d with radial symmetry and 3d with spherical symmetry (in these cases, it is reduced to a 1d problem), and in Section 5 for 3d with cylindrical symmetry (in this case, it is reduced to a 2d problem). In Section 6 we report on numerical results of the ground-state solution of BEC in 1d, 2d with radial symmetry and 3d with spherical symmetry as well as cylindrical symmetry. In Section 7 some conclusions are drawn.
Gross-Pitaevskii equation
In this section, we will present the Gross-Pitaevskii equation in three dimension, how to scale it to a three-parameter model and reduction to lower dimension.
At zero or very low temperature, a BEC is well described by the macroscopic wave function wðx; tÞ whose evolution is governed by a self-consistent, mean field nonlinear Schr€ o odinger equation known as the Gross-Pitaevskii equation [25, 27, 36] . If a harmonic trap potential is included, the equation becomes
where x ¼ ðx; y; zÞ T is the spatial coordinate vector, m is the atomic mass, h ¼ 1:05 Â 10 À34 J s is the Planck constant, N is the number of atoms in the condensation, and x x , x y and x z are the angular trap frequencies in x-, y-and z-direction, respectively. For the following we assume (w.r.o.g.) x x 6 x y 6 x z . When
the trap potential is isotropic. U 0 describes the interaction between atoms in the condensation and has the form
where a is the s-wave scattering length (positive for repulsive interaction and negative for attractive interaction). It is necessary to ensure that the wave function is properly normalized. Specifically, we require Z
A typical set of parameters used in current experiments with 87 Rb is
Dimensionless GPE
Following the physical literatures [19, 21, 24, 28, 38] , in order to scale the Eq. (2.1) under the normalization (2.3), we introducẽ
where a 0 is the length of the harmonic oscillator ground state. In fact, here we choose 1=x x and a 0 as the dimensionless time and length units, respectively. Plugging (2.4) into (2.1), multiplying by 1=mx 2 x a 1=2 0 , and then removing all $ we get the following dimensionless Gross where
If we plug the typical set of parameters into above parameters, we find the values a 0 % 0:3407 Â 10 À5 m; j % 0:01881N : 1:881-188; 100:
There are two extreme regimes: one is when j ¼ oð1Þ, then Eq. (2.5) describes a weakly interacting condensation. The other one is when j ) 1, then (2.5) corresponds to a strongly interacting condensation or to the semiclassical regime.
Reduction to lower dimension
In the following two cases, the 3d Gross-Pitaevskii equation (2.5) can approximately be reduced to 2d or even 1d [29, 31] . In the case (disk-shaped condensation)
ð2:6Þ the 3d GPE (2.5) can be reduced to 2d GPE with x ¼ ðx; yÞ T by assuming that the time evolution does not cause excitations along the z-axis since they have a large energy of approximately hx z compared to excitations along the x-and y-axis with energies of about hx x . Thus we may assume that the condensation wave function along the z-axis is always well described by the ground-state wave function and set [29, 31] w ¼ w 2 ðx; y; tÞw 3 ðzÞ with w 3 ðzÞ ¼
where / g ðx; y; zÞ (see detail in (3.6)) is the ground-state solution of the 3d GPE (2.5). Plugging (2.7) into (2.5), then multiplying by w Ã 3 ðzÞ (where f Ã denotes the conjugate of a function f ), integrating with respect to z over ðÀ1; 1Þ, we get i ow 2 ðx; tÞ ot ¼ À
Since this GPE is time-transverse invariant, we can replace w 2 ! we ÀiCt=2 which drops the constant C in the trap potential and obtain the 2d GPE, i.e., i owðx; tÞ
The observables are not affected by this.
In the case (cigar-shaped condensation) [29, 31] x y ) 
The normalization condition to (2.13) is Z R d jwðx; tÞj 2 dx ¼ 1: ð2:15Þ
Ground-state solution
In this section, we will propose a new numerical method by directly minimizing the energy functional via finite element discretization to compute the ground-state solution of a BEC (2.13). Furthermore we will also provide approximate ground-state solutions in two extreme regimes: very weak interactions and strong repulsive interactions.
Minimization problem
To find a stationary solution of (2.13), we write wðx; tÞ ¼ e Àilt /ðxÞ; ð3:1Þ
where l is the chemical potential of the condensation and / a real-valued function independent of time.
Inserting into (2.13) gives the following equation for /ðxÞ
This is a nonlinear eigenvalue problem under a constraint and any eigenvalue l can be computed from its corresponding eigenfunction / by
The Bose-Einstein condensation ground-state wave function / g ðxÞ is found by solving this eigenvalue problem under the normalization condition (3.3) with the minimized chemical potential l g . Usually, the ground-state problem is formulated variationally. Define the energy functional
It is easy to see that critical points of the energy functional E j ð/Þ under the constraint ( To compute the ground state / g , we solve the minimization problem
where the set V is defined as
In non-rotating BEC, the minimization problem (3.6) has a unique real valued nonnegative groundstate solution / g ðxÞ > 0 for x 2 R d [32] . In physical literatures, the minimizer of (3.6) was obtained by either the Runge-Kutta type method [2, 3, 21] or the imaginary time method [6, 14, 16] . Here we present a method by directly minimizing the energy functional E j ð/Þ through the finite element discretization [17] .
Approximation in a bounded domain
The eigenvalue problem (3.2) and the minimization problem (3.6) are defined in R d . In practical computation, usually they are approximated by problems defined on a bounded computational domain. Since the full wave function must vanish exponentially fast as jxj ! 1 and due to symmetry, choosing R 1 ; . . . ; R d > 0 sufficiently large and denoting
then the minimization problem (3.6) can be approximated by
where the set V g and the functional E R j ð/Þ are defined as
Discretization
The functional E R j ð/Þ in (3.7) (or E j ð/Þ in (3.6)) can be discretized by the finite element method [17] , finite difference method [34] or spectral method [26] . Here we use the finite element method because it can easily keep the good properties of E R j ð/Þ, e.g., positive, coercive and weakly lower semicontinuous when j d P 0, on the unit sphere in finite dimensions. Let
Then the finite dimensional set
Thus the minimization problem (3.7) can be approximated by
Introducing a functional with a Lagrange multiplier corresponding to the normalization condition (3.3), i.e.,Ẽ 
ð3:9Þ
The nonlinear system (3.9) is solved by NewtonÕs method [35] or quasi-NewtonÕs method [35] with a proper choice of the initial data ð/ R;h g Þ ð0Þ ¼ W h ðxÞ Á ðU R;h g Þ ð0Þ and k ð0Þ is the least square solution of
The initial guess ð/ R;h g Þ ð0Þ is chosen as the interpoltant onṼ V h g of the approximate ground-state solution for very weak interactions (4.13) or strong repulsive interactions (4.15) when j d is not too big or not too small, respectively. These approximate ground-state solutions are given in the next subsection. Another way to choose the initial guess is to use a continuation technique, i.e., use the numerical solution of the ground state function for a small j d as initial guess for computing the solution of a larger j d .
Approximate ground-state solution
Here we present the approximate ground-state solution of (3.2) in two extreme regimes: very weak interactions and strong repulsive interactions. These approximate ground-state solutions are used as initial guess ð/ R;h g Þ ð0Þ in our practical computation of the minimization problem (3.8) (or (3.9)). For a very weakly interacting condensation, i.e., j d ¼ oð1Þ, we drop the nonlinear term (i.e., the last term on the right-hand side of (3.2)) and get [31] l/ðxÞ ¼ À
The ground-state solution of (3.10) is
ð3:11Þ
This can be viewed as an approximate ground-state solution of (2.13) in the case of a very weakly interacting condensation. For strong repulsive interactions, i.e., j d ) 1, we drop the diffusion term (i.e., the first term on the righthand side of (3.2)) corresponding to the Thomas-Fermi approximation [31] :
The ground-state solution of (3.12) is the compactly supported function / s d ðxÞ:
Remark 3.1. As indicated in Fig. 6 , an interface layer correction has to be constructed in order to improve the approximation quality in the Thomas-Fermi regime (i.e., j d ) 1). For a convergence proof of / s 3 ! / g as j 3 ! þ1 (without convergence rate) we refer to [32] . In Section 6, these convergence rates are reported based on our numerical solutions.
Ground-state solution in 1d, 2d with radial symmetry and 3d with spherical symmetry
In this section, we present detailed numerical formula and its finite element approximation for the ground-state solution of GPE in 1d, 2d with radial symmetry (i.e., c y ¼ 1) and 3d with spherical symmetry (i.e., c y ¼ c z ¼ 1). In these cases, the problem is reduced to 1d. Due to symmetry, the GPE (2.13) essentially collapses to a 1d problem with r ¼ jxj 2 ½0; 1Þ under the normalization condition
The minimization problem (3.6) collapses to (V) Find ðl g ; / g 2 V Þ such that
where the set V and the energy functional E j ð/Þ are defined as
Approximation in a bounded domain
The eigenvalue problem (4.4) and (4.5) and the minimization problem (4.7) are defined in a semi-infinite interval ð0; 1Þ. In practical computation, usually they are approximated by problems defined on a finite interval. Since the full wave function must vanish exponentially fast as r ! 1, choosing R > 0 sufficiently large, then the eigenvalue problem (4.4) and (4.5) can be approximated by l/ðrÞ ¼ À Similarly the minimization problem (4.7) can be approximated by
Finite element approximation
Assume that
where P 1 denotes piecewise linear polynomials. Then the finite element approximation of the problem (4.7) is In these cases, the approximate ground-state solution collapses to the following. For a very weakly interacting condensation, i.e., j d ¼ oð1Þ, the ground-state solution is
For strong repulsive interactions, i.e., j d ) 1, the ground-state solution is 
Ground-state solution in 3d with cylindrical symmetry
In this section, we present detailed numerical formula and its finite element approximation for the ground-state solution of GPE in 3d with cylindrical symmetry (i.e., c y ¼ 1). In this case, the problem is reduced to 2d. Due to symmetry, the GPE (2.13) essentially collapses to a 2d problem with r ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi The minimization problem (3.6) collapses to (V) Find ðl g ; / g 2 V Þ such that
where the set V and the functional E j ð/Þ are defined as
; zÞ þ ðr 2 þ c 2 z z 2 Þ/ 2 ðr; zÞ þ j/ 4 ðr; zÞ Ã dr dz:
Approximation in a bounded domain
The eigenvalue problem (5.5)-(5.7) and the minimization problem (5.9) are defined in the first quadrant of the rz-plane. In practical computation, usually they are approximated by problems defined on a bounded domain. Since the full wave function must vanish exponentially fast as r þ jzj ! 1, choosing R > 0 and Z > 0 sufficiently large, then the eigenvalue problem (5.5)-(5.7) can be approximated by l/ðr; zÞ ¼ À Similarly the minimization problem (5.9) can be approximated by
where the set V g and the functional J R ð/Þ are defined as 
Finite element approximation
is a partition of the rectangle ½0; R Â ½0; Z with mesh size h [17] . Let V V h g ¼ / h ðr; zÞ 2 Cð½0; R n Â ½0; ZÞ j / h ðr; zÞj ½rj;r jþ1 Â½z l ;z lþ1 2 Q 1 ð½r j ; r jþ1 Â ½z l ; z lþ1 Þ; 0 6 j 6 M À 1; 0 6 l 6 N À 1; / h ðR; zÞ ¼ 0; 0 6 z 6 Z; / h ðr; ZÞ ¼ 0; 0 6 r 6 R o ;
where Q 1 denotes all bilinear polynomials. Then the finite element approximation of the problem (5.14) is In this case, the approximate ground-state solution collapses to the following. For a very weakly interacting condensation, i.e., j 3 ¼ j ¼ oð1Þ, the ground-state solution is
3=4 e Àðr 2 þc z z 2 Þ=2 : ð5:16Þ
For strong repulsive interactions, i.e., j 3 ¼ j ) 1, the ground-state solution is
Numerical results
In this section we shall report on numerical error analysis of our method, numerical ground-state solutions of (2.13) in 1d, 2d with radial symmetry and 3d with spherical symmetry as well as cylindrical symmetry. Furthermore we also compare the numerical ground-state solution of (2.13) in 3d and the corresponding Thomas-Fermi approximation (5.18) . Convergence rates of the Thomas-Fermi approximations to their exact counterparts are also reported.
Numerical error analysis
In this subsection, we study numerically the convergence rate of the finite element discretization to the minimization problem (3.7) in 1d. We choose d ¼ 1 and j d ¼ j 1 ¼ 62:742 in (4.11). We compute a numerical solution of (4.11) in 1d on X ¼ ½0; 8 by using the discretization (4.12) with a very fine mesh, e.g., h ¼ 1=128, as the ''exact'' ground-state solution / g ðxÞ. Table 1 shows the errors E j ð/ h g Þ À E j ð/ g Þ, l h g À l g , max j/ h g ðxÞ À / g ðxÞj, k/ h g À / g k L 2 ðXÞ , kð/ h g Þ 2 À ð/ g Þ 2 k L 1 ðXÞ and k/ h g À / g k H 1 ðXÞ for different mesh sizes h. Here we use the standard Sobolev space norms [1] .
From Table 1 , we observe that the approximate energy E j ð/ h g Þ, chemical potential l h g , ground-state solution / h g , and atom density function ð/ h g Þ 2 converge to E j ð/ g Þ, l g , / g in maximum norm and L 2 -norm, and ð/ g Þ 2 in L 1 -norm, respectively, at second order convergence rate when the mesh size h goes to zero. Furthermore / h g converges to / g in H 1 -norm at first order convergence rate.
Results in 1d, 2d with radial symmetry and 3d with spherical symmetry
An interesting property of the condensation wave function in these cases is its root mean square (rms) size r rms defined by
In our computations, we choose R ¼ 16 in (4.8) with a uniform partition of the interval ½0; R of mesh size h ¼ 1=50 in (4.12). Fig. 1 shows the ground-state condensation wave function / g ðrÞ (with / g ðÀrÞ ¼ / g ðrÞ for r 2 R in 1d) versus r and the chemical potential l g for different j d , and Table 2 lists / g ð0Þ, r rms , l g versus j d for d ¼ 1.
For comparison, we also list the chemical potential l g obtained by the Thomas-Fermi approximation (TFA) in (4.14) . Furthermore Fig. 2 and Table 3 show similar results for d ¼ 2, and Fig. 3 and Table 4 for d ¼ 3.
From Figs. 1-3 and Tables 2-4, we can see that the chemical potential l g and the root mean square size will increase when the interaction coefficient j d (i.e., the number of atoms in the condensation) is increasing. On the other hand, the peak of the ground-state solution / g ð0Þ will decrease. If we use the typical set of parameter values in Section 2, a j 3 ¼ 31,371 corresponds to a condensation population of N % 1,667,800, i.e., approximately one and a half millions atoms in the condensation. Furthermore the Thomas-Fermi Table 1 Numerical error analysis of the finite element discretization (4.12) Table 2 Ground-state chemical potential l g , maximum value of the wave function / g ð0Þ and root mean square size r rms versus the interaction coefficient j d in 1d (d ¼ 1) 
Results in 3d with cylindrical symmetry
The interesting properties of the condensation wave function in this case are its root mean square (rms) sizes in r-and z-direction r rms and z rms , respectively, defined by Table 3 Ground state chemical potential l g , maximum value of the wave function / g ð0Þ and root mean square size r rms versus the interaction coefficient j d in 2d with radial symmetry (d ¼ 2) We present computations for two cases: Case I. 87 Rb used in JILA with x x ¼ x y < x z [7] . The detailed data are Table 4 Ground state chemical potential l g , maximum value of the wave function / g ð0Þ and root mean square size r rms versus the interaction coefficient j d in 3d with spherical symmetry (d ¼ 3) Case II. 23 Na used in MIT (group of Ketterle) with x x ¼ x y ) x z [8] . The detailed data are
In case II, we choose a 0 ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffi ffi
) as x z ( x x such that the root mean square size is of Oð1Þ. The other parameters should be adjusted accordingly. Fig. 4 shows the ground-state condensate wave function along r-and z-axis, / g ðr; 0Þ and / g ð0; zÞ, respectively, for different j and surface plots of / g ðr; zÞ for j ¼ 15,408 and j ¼ 188:1, and Table 8 lists l g , / g ð0; 0Þ, r rms , z rms versus j 3 ¼ j for case I. Fig. 5 and Table 9 show similar results for case II. Furthermore Fig. 6 compares the numerical ground-state solution (i.e., numerical solution of (5.9)) and the Thomas-Fermi approximation in (5.18) .
From Figs. 4 and 5, and Tables 8 and 9, we can see that the chemical potential l g and the root mean square sizes r rms , z rms will increase when the interaction coefficient j 3 ¼ j (i.e., the number of atoms in the condensate) is increasing. On the other hand, the peak of the ground-state solution / g ð0; 0Þ will decrease. Fig. 6 and Tables 8 and 9 show that the Thomas-Fermi approximation are accurate for the chemical potential and ground-state wave function near the origin only when j is very big, but gives poor approximation when j is intermediate or in the tail of the wave function. whose energies satisfy
Then / j is called as the jth excited-state solution of the GPE (2.13). In fact, / g and / j (j ¼ 1; 2; . . .) are critical points of the energy functional E j ð/Þ under the constraint (3.3). In 1d, when V ðxÞ ¼ x 2 =2 is chosen as the harmonic oscillator potential and j 1 ¼ 0, the excited states are given [33] : Table 8 Ground state chemical potential l g , maximum value of the wave function / g ð0; 0Þ and root mean square sizes r rms , z rms versus the interaction coefficient j 3 ¼ j in 3d with cylindrical symmetry under case I 
where H j ðxÞ is the standard jth Hermite function [33] . Here we show numerically that the algorithm (3.9) can also be applied to compute any jth excited state of GPE with j 1 > 0 provided that we start with the above jth excited state as initial data for j 1 > 0 small and use a continuation technique for j 1 > 0 bigger, i.e., use the numerical solution of the jth excited-state solution for a small j 1 as initial guess for computing the jth excited state of a larger j 1 . When the algorithm (3.9) is applied to compute jth (j is an odd integer) excited state in 1d, due to these functions are odd function, the finite element subspace in Section 4 should be replaced by For simplicity, here we only report numerical results in 1d for the first four excited states of GPE for different j 1 P 0. Table 10 shows the energy E j ð/ j Þ and chemical potential l j (j ¼ g; 1; 2; 3; 4) of the ground state and first four excited states of GPE in 1d for different j 1 . Fig. 7 plots the first four excited wave functions / j ðxÞ (j ¼ 1; 2; 3; 4) versus x for different j 1 . From the results in Table 10 and Fig. 7 , we can see that the algorithm (3.9) can be applied to compute the excited states of GPE (2.13). We observed from our numerical results in Table 10 that for any fixed j 1 P 0
This implies that the eigenvalue of (3.2), l g , corresponding to the minimizer of the energy functional E j ð/Þ, / g , is the minimum chemical potential among all the eigenvalues of (3.2). Furthermore, we have lim
A rigorous mathematical justification of these numerical observations is under further study.
Conclusions
Ground-state solution of time-independent Gross-Pitaevskii equation of Bose-Einstein condensation at zero or very low temperature is computed by directly minimizing the energy functional under a constraint through the finite element discretization. We begin with the 3d Gross-Pitaevskii equation, scale it to obtain a three-parameter model, show how to reduce it to 2d and 1d GPEs. The ground-state solution is formulated via minimizing the energy functional under a constraint. The finite element approximation for 1d, 2d with radial symmetry and 3d with spherical symmetry and cylindrical symmetry are presented in detail and approximate ground-state solutions, which are used as initial guess in our practical numerical computation, are provided in two extreme regimes: very weak interactions and strong repulsive interactions. Numerical results are reported in 1d, 2d with radial symmetry and 3d with spherical symmetry and cylindrical symmetry for condensation with repulsive/attractive interparticle interactions and atoms in it ranging up to millions to demonstrate the novel numerical method. Our numerical results show that the Thomas-Fermi approximation are accurate for the chemical potential and ground-state wave function near the origin only when j is very big, but gives poor approximation when j is intermediate or in the tail of the wave function. Furthermore extension of our method to compute the excited states of GPE is also presented. In the future we plan to study physically more complex systems based on this ground-state solution solver.
